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In this article, we study the degree-based molecular topological 
indices for some infinite families of nanostar dendrimers. We 
derive the analytical closed formulae for these classes of 
complex chemical networks. These results are very helpful in 
understanding and predicting the physico-chemical properties 
for these chemical structures (Nanostar dendrimers NS2[n], 
NS3[n], D2[n]). 
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Introduction 

Graph theory has provided the chemist with a 

variety of useful tools, such as topological 

indices and topological polynomials. 

Molecules and molecular compounds are 

often modeled by a molecular graph. 

Cheminformatics is new subject which is a 

combination of chemistry, mathematics and 

information science. It studies quantitative 

structure-activity (QSAR) and structure-

property (QSPR) relationships that are used 

to predict the biological activities and 

properties of different chemical compounds. 

The application of molecular structure 

descriptors is nowadays a standard 

procedure in the study of structure-property 

relations, especially in QSPR/QSAR study. In 

the last few years, the number of proposed 

molecular descriptors is rapidly growing due 

to the chemical significance of these 

descriptors. These descriptors correlate 

certain chemical and physical properties of 

chemical compounds. A good model for the 

stability of linear and branched alkanes as 

well as the strain energy of cycloalkanes is 

provided by the atom-bond connectivity 

(ABC) index. For certain physico-chemical 

properties like boiling point, entropy, 

enthalpy of vaporization, standard enthalpy 

of vaporization, enthalpy of formation and 

acentric factor, the predictive power of 

geometric-arithmetic (GA) index is better 

than predictive power of other connectivity 

indices. Topological characterization of 

chemical structures allows the classification 

of molecules and modelling unknown 

structures with desired properties. Molecules 

and molecular compounds are often modeled 

by molecular graphs.  

A molecular graph is a representation of 

the structural formula of a chemical 

compound in terms of graph theory, whose 

vertices correspond to the atoms of the 

compound and edges correspond to chemical 

bonds. The combination of chemistry, 

mathematics and information science which 

studies QSAR/QSPR relationships is known as 

cheminformatics. Many chemical and physical 

properties of the chemical compounds can be 
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found with the help of QSAR /QSPR models. 

The topological indices such as Wiener, atom-

bond connectivity (ABC), and geometric-

arithmetic (GA) indices are used to correlate 

different chemical and physical properties 

like the boiling point, molecular weight, 

vapour pressure, π-electrom energy etc. 

Nanobiotechnology is a rapidly advancing 

area of scientific and technological 

opportunity that applies the tools and 

processes of nanofabrication to build devices 

for studying biosystems. Dendrimers are one 

of the main objects of this new area of 

science. A dendrimer is an artificially 

manufactured or synthesized molecule built 

up from branched units called monomers 

using a nanoscale fabrication process. 

Dendrimers are recognized as one of the 

major commercially available nanoscale 

building blocks, large and complex molecules 

with very well-defined chemical structure. 

From a polymer chemistry point of view, 

dendrimers are nearly perfect monodisperse 

macromolecules with a regular and highly 

branched three-dimensional architecture. 

They consist of three major architectural 

components, core, branches and end groups. 

New branches emitting from a central core 

are added in steps until a tree-like structure 

is created. The nanostar dendrimer is a part 

of a new group of macroparticles that appear 

to be photon funnels just like artificial 

antennas. These macromolecules and more 

precisely those containing phosphorus are 

used in the formation of nanotubes, micro 

and macrocapsules, nanolatex, coloured 

glasses, chemical sensors, modified 

electrodes and so on. 

Materials and methods 

A graph can be recognized by a numeric 

number, a polynomial, a sequence of numbers 

or a matrix. A topological index is a numeric 

quantity associated with a graph which 

characterizes the topology of graph and is 

invariant under graph automorphism. There 

are some major classes of topological indices 

such as distance-based topological indices, 

degree-based topological indices and 

counting related polynomials and indices of 

graphs. Among these classes, degree-based 

topological indices are of great importance 

and play a vital role in chemical graph theory 

and particularly in chemistry. In more precise 

way, a topological index Top(G) of a graph, is 

a number with the property that for every 

graph H isomorphic to G, we have 

Top(H)=Top(G). The concept of topological 

indices came from Wiener (1947) who named 

this index as path number [28] while he was 

working on boiling point of paraffin. Later on, 

the path number was renamed as Wiener 

index and the theory of topological indices 

started [6-8, 25, and 26]. 

In this article, G is considered to be 

network with vertex set V(G) and edge set 

E(G), d(u) is the degree of vertex u∈V(G) and 

)(=
)(

vdS
u

G
Nv

u 


 

where ( ) ={ ( ) | ( )}GN u v V G uv E G  . The notations 

used in this article are mainly taken from 

books of Diudea et al. (2001) [11]. 

Let G be a graph. Then the Wiener index of 

G is defined as [28]: 

 
( , )

1
( ) = ( , )

2
1

u v

W G d u v  

where ),( vu  is any ordered pair of vertices in 

G  and ),( vud  is vu   geodesic.  

One of the well-known degree-based 

topological indices is atom-bond connectivity 

(ABC) index introduced by Estrada et al. 

(1998) and defined as [12]: 

( )

( ) ( ) 2
( ) = (2)

( ) ( )uv E G

d u d v
ABC G

d u d v

 
  

Another well-known connectivity topological 

descriptor is geometric-arithmetic (GA) index 

which was introduced by Vukičević et al., 

2009, and defined as [13,27]: 
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( )

2 ( ) ( )
( ) = (3)

( ) ( )uv E G

d u d v
GA G

d u d v 
  

ABC4 and GA5 indices can be computed if we 

are able to find the edge partition of these 

interconnection chemical networks based on 

sum of the degrees of end vertices of each 

edge in these graphs. The fourth version of 

ABC index is introduced by Ghorbani et al., 

2010, and defined as [14]: 

4

( )

2
( ) = (4)u v

uv E G u v

S S
ABC G

S S

 
  

Recently, fifth version of GA  index is 

proposed by Graovac et al., 2011, and defined 

as [15]: 

5

( )

2
( ) = (5)

u v

uv E G u v

S S
GA G

S S 
  

Imran et al., 2014, studied various degree-

based topological indices for various 

networks like silicates, hexagonal, 

honeycomb and oxide. Nowadays, there is an 

extensive research activity on ABC and GA 

indices and their variants. For further study 

of topological indices of various graphs and 

chemical structures, see [2-5, 16-24]. 
In this paper, we study the certain degree-

based molecular topological indices for 

complex chemical networks like some infinite 

families of nanostar dendrimers. We derive 

the analytical closed formulae for these 

classes of complex chemical networks. 

Results and discussion 

The topological descriptors of nanostar 
dendrimers NS2[n] 

In this section, we first calculate the ABC4 and 

GA5 indices of nanostar dendrimers denoted 

by NS2[n]. The number of vertices and edges 

in NS2[n] are 16×2n-4 and 18×2n-5 [1,9]. 

Denote an edge connecting a vertex i to a 

vertex j by (i, j)-edge. Where ni denote the 

vertex i and ijs  are the number of (i, j)-edges. 

The nanostar NS2[3] is shown in the Figure 1.  

 

FIGURE 1 The nanostar NS2[3] 

TABLE 1 Edge partition of nanostar NS2[n] 
based on degree sum of neighbors of end 
vertices of each edge 

(Su, Sv) where uv∈E(G) Number of edges 

(4, 4) 2×2n 
(4, 5) 2×2n 
(5, 5) 2×2n+2 
(5, 6) 6×2n 
(7, 7) 1 
(5, 7) 4 
(6, 6) 6×2n-12 

Theorem 1 Let nN , then ABC4 index for 

Nanostar NS2[n] is given by 

2

4 2

2 3
( [ ]) = 2

5 30

6 6 7 2 10 10
10 2 4

2 5 5 35 210

n

n

ABC NS n 
 

  
 

   
            
   

 

Proof. The graph NS2[n] have edge partition  

of the form (4,4), (4,5), (5,5), (6,5), (5,7), 

(6,7), (6,6). We apply the information given in 

Table 1  to compute the ABC4 index of NS2[n]. 

Since we have  

  
 

4 2

2
= .u v

uv E G u v

S S
ABC NS n

S S

 
  

This implies that  

    

   

1

4 2

1

5 5 2
= 2 2

5 5

5 6 2 6 6 2
2 2 2 6 2 12

5 6 6 6

n

n n

ABC NS n 



 




   
     

 

   
4 4 2 5 4 2

2 2 2 2
4 4 5 4

7 7 2 5 7 2
1 4 .

7 7 5 7

n n   
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Which can be reduced to the following after 

simplification.

2

4 2

2 3
( [ ]) = 2

5 30

6 6 7 2 10 10
10 2 4 .

2 5 5 35 210

n

n

ABC NS n 
 

  
 

   
            
   

 

Theorem 2 Consider the nanostar NS2[n], 

then its GA5 index is computed as 

  5 2

1

8 5 4 30
= 2 2

9 11

30 2 35
1 4 2 1

11 3

n

n

GA NS n



 
   

 

   
         
   

 

Proof. By using the edge partition given in 

Table 1, the GA5 index of nanostar graph 

NS2[n] is calculated as we have 

      

   

5 2

1 1

2 4 4 2 5 4
= 2 2 2 2

4 4 5 4

2 5 5 2 5 6
2 2 2 2 2

5 5 5 6

n n

n n n

GA NS n

 

 
  

 

 
     

 

 
2 7 7 2 5 7 2 6 6

1 4 6 2 12 .
7 7 5 7 6 6

n  
     

  
 

After simplification, we get  

  5 2

1

8 5 4 30
= 2 2

9 11

30 2 35
1 4 2 1 .

11 3

n

n

GA NS n



 
   

 

   
         
   

 

The topological descriptors of nanostar 
dendrimers NS3[n] 

 

Now, we consider another type of nanostar 

NS3[n], where n≥1. The graph of NS3[n] 

contains 18×2n-12 vertices and 21×2n-15 

edges. The graph of nanostar NS3[n] is shown 

in the Figure 2.
 

 

FIGURE 2 The Nanostar NS3[2] 

 

TABLE 2 Edge partition for the graph of 
nanostar NS3[n] based on degree sum of 
neighbors of end vertices of each edge 

(Su, Sv) where uv∈E(G) Number of Edges 

(4, 4) 3×2n 

(4, 5) 3×2n 

(5, 7) 3×2n 

(6, 7) 9×2n-12 

(7, 7) 3×2n-3 

In the next two theorems, we calculate the 

ABC4 and GA5 indices of nanostar NS3[n]. 

Theorem 3 For n≥1, the ABC4 index of 

nanostar NS3[n] is 

  4 3

1

3 11
= 6 3 2

7 42

10 7 11 3 11
6 3 2 2

35 20 42 7 42

n

n

ABC NS n



 
  

 

   
          

   

  

 

FIGURE 3 The polyphenylene dendrimers 
D4[n] 

Proof. For the nanostar NS3[n], we have edges 

of the form (4,4), (4,5), (5,7), (6,7) and (7,7). 

We use the values given in Table 2 to derive 

the formula for ABC4 (NS3[n]). We have 

 
6 7 2 7 7 2

(9 2 12) 3 2 1 .
6 7 7 7

n n   
   

 
 

After an easy simplification, we have 
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ABC NS n



 
  

 

   
          

   

 

Theorem 4 Let n≥1, then GA5 index of nano-

star NS3[n] is calculated as 

5 3

1

42
( [ ]) = 3 1 12 2

13

42 5
36 4 35 6 2 36 42.

13 9

n

n

GA NS n



 
  

 

 
      
 

 

TABLE 3 Edge partition of the graph D4[n] 
which depend on the degree sum of vertices 
having unit distance from each edge 

(Su, Sv) where uv∈E(G) Number of Edges 

(4, 4) 24×2n-16 

(4, 5) 24×2n-16 

(5, 5) 8×2n-8 

(5, 7) 40×2n-32 

(6, 8) 8×2n-8 

(7, 7) 2 

(7, 8) 8×2n-8 

(7, 9) 12×2n-12 

(8, 9) 8×2n-8 

(9, 9) 8×2n-8 

Proof. By using the edge partition given in 

Table 2, we calculate the GA5 index of 

NS3[n] as follows,  

  
 

5 3

2 4 4
= = 3 2 2

4 4

4 5 5 7
3 2 2 3 2 2

4 5 5 7

u V n

uv E G u v

n n

S S
GA NS n

S S


 

 

 
      

 



 
6 7 7 7

(9 2 12) 2 3 2 1 2 .
6 7 7 7

n n 
     

 
 

After an easy simplification, we have 

5 3

1

42
( [ ]) = 3 1 12 2

13

42 5
36 4 35 6 2 36 42.

13 9

n

n

GA NS n



 
  

 

 
      
 

 

The topological descriptors of polyphenylene 
dendrimers D4[n] . 

We shall now determine ABC4 and GA5 indices 

of polyphenylene dendrimers. In Figure 3, the 

graph of polyphenylene dendrimers D4[n] of 

generations G2 with 2 growth stages is shown.  

By using edge partition given in Table 3, we 

compute the ABC4 and GA5 indices of 

polyphenylene dendrimers. 

TABLE 4 Edge partition of the graph D2[n] 
which depend on the degree sum of vertices 
having unit distance from each edge 

(Su, Sv) where uv∈E(G) Number of Edges 

(4, 4) 32×2n-32 

(4, 5) 32×2n-32 

(5, 5) 16×2n-32 

(5, 7) 32×2n 

(6, 7) 12 

(6, 8) 8×2n-8 

(7, 7) 1 

(7, 8) 8×2n-8 

(7, 9) 12×2n-12 

(8, 9) 8×2n-8 

(9, 9) 8×2n-8 

Theorem 5 Let n≥1, then the ABC4 index of 

polyphenylene dendrimers is given by 

   1

4 4

7 8 2
= 2 6 6 12

5 5

10 13 2 15 25
20 2

35 14 3 2 9

nABC D n 


 



    


















9

8

2

15

3

1

14

13

35

10
16

5

24
12

5

7
24

. 

Proof.  The graph D4[n] has edges of the 

form (4, 4), (4, 5), (5, 7), (6, 8), (7, 7), (7, 8), (8, 

9) and (9, 9). 

  vu

vu

GEuv SS

SS
nDABC

2
=])[( 44





     
4 5 2 4 4 2 9 9 2

242 16 242 16 82 8
4 5 4 4 9 9

n n n     
     

  

     882
86

286
882

98

298
882

55

255















 nnn

     
5 7 2 7 8 2 7 9 2

402 32 82 8 122 12 .
5 7 7 8 7 9

n n n     
     

  

 

After an easy simplification, we get 
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1

4 4

7 8 2
( [ ] = 2 6 6 12

5 5

nABC D n 
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Theorem 6 Consider the polyphenylene 

dendrimers D4[n], then 

5 4

35 32 14 9 7
( [ ]) =

3 15 2

96 2 16 3 32 5
40 2

17 7 3

n

GA D n


 



    



64 5 16 35 32 14 9 7 96 2 16 3
34 .

9 3 15 2 17 7

 
        
 

 

 

FIGURE 4 The polyphenylene dendrimers 
D2[n] 

Proof. Let n≥1, then according to the edge 

partition given in Table 3, we have 

  
  vu

vu

GEuv SS

SS
nDGA





2
=45

     882
55

552
16242

44

442
16242

54

542
= 













 nnn

   

   

2 5 7 2 7 8
402 32 82 8

5 7 7 8

2 7 9 2 8 9
122 12 82 8

7 9 8 9

n n

n n
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 nn

 
After simplification, we get 

5 4

35 32 14 9 7
( [ ]) =

3 15 2

96 2 16 3 32 5
40 2

17 7 3

n

GA D n


 



    

  














 34

7
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17
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2

79

15

1432

3

3516

9

564
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The topological descriptors of polyphenylene 
dendrimers D2[n]  

In this section, we compute the ABC4 and GA5 

indices of another type of polyphenylene 

dendrimer, denoted by D2[n]. Figure 4 shows 

the graph of polyphenylene dendrimer D2[n] 

of the generations G3 with 3 growth stages. 
Theorem 7 Let n≥1, then the ABC4 index of 

polyphenylene dendrimers D2[n] is 

2

4 2

13 11
( [ ]) = 2 4

14 35

7 1 15 8 2 17
4 2 12

5 3 2 5 9

nABC D n 
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3

9

34

5

232

2

15

3

2
128

5

7
8

14

13
22

 
Proof. In the construction of D2[n] from D2[n-

1], the graph D2[n] have the edges of the form 

(4,4), (4,5), (5,5), (5,7), (6,7), (6,8), (7,7), 

(7,8), (7,9) and (8,9). Since 

  
  vu

vu

GEuv SS

SS
nDABC

2
=24



  

 882
87

287
12

67

267
1

77

277
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 n

    161216
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 nn
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244
32322
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 nn
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 nn

   
9 7 2 5 5 2

122 12 16 2 1 16 .
9 7 5 5

n n   
     
  

 

After simplification, we get 
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13 11 7
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14 35 5
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In the next theorem, the GA5 index for D2[n] is 

computed. 

Theorem 8 Let n≥1, then GA5 index of D2[n] is  

5 2

32 14 256 3 35
8

15 7 3
( [ ]) = 2

128 5 96 2 9 7
56

9 17 2

nGA D n

 
   

 
 
    
 














 71

13

4224

2

79

17

296

9

5128

7

3256

15

1432

. 

Proof. The formula for GA5 index of the 

graph of polyphenylene dendrimers can be 

reduced in the following form 

 882
87

872
12

67

672
1

77

772
=])[( 25 













 nnDGA

 

   32322
45

452
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57

572
882

86

862
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After simplification, we get  

5 2
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8

15 7 3
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nGA D n
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Conclusion 

In this paper, certain degree-based 

topological indices, namely atomic-bond 

connectivity index (ABC), geometric-

arithmetic index (GA), the fourth version of 

ABC index and the fifthe version of GA index 

for some infinite classes of nanostar 

dendrimers were studied for the first time 

and analytical closed formulas for these 

networks were determined. These results are 

very helpful in understanding and predicting 

the physico-chemical properties for these 

chemical structures. The study of distance 

related graph indices for these important 

chemical graphs are still open to work on. 
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