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Chemical graph theory has an important impact on the 
development of the chemical sciences. A chemical graph is a 
graph that is produced from some molecular structure by 
applying some graphical operations. The demonstration of 
chemical compounds and chemical networks with the M-
polynomials is a revolution and the M-polynomial of different 
molecular structures contributes to evaluating many 
topological indices. In this paper we worked out M-Polynomial 
and topological indices of the tadpole graph, then we recovered 
numerous topological indices using the M-polynomials. 
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Introduction 

The word "graph" was firstly used by James J. 

Sylvester (1814-1897) in 1878. In 

mathematics, graph theory is nowadays one 

of the rapidly growing branches. Graph 

theory has also found common application in 

various fields such as physics, biology, 

operations research, optimization theory, 

statistical mechanics, computer science, and 

engineering and even in chemistry. One of the 

most important sub fields of mathematical 

chemistry is chemical graph theory which 

was originated by Ante Graovac, Milan Randić, 

Alexander Balaban, Haruo Hosoya, Nenad 

Trinajstić and Ivan Gutman [27-34]. 

In chemical graph theory, the description 

of the molecule is generally characterized by 

graphs, which are identified by their vertices 

and edges. These graphs are set up from 

chemical molecules in which atoms convert 

vertices and bonds turn into edges of the 

graph. The topological index used for a 

molecular graph is the ultimate conclusion of 

mathematical and logical operations which 

transform chemical facts of the molecule into 

a suitable number. The Topological 

descriptors are derived from hydrogen-

suppressed molecular graphs. 

In theoretical chemistry several 

topological indices are presented to check the 

properties of molecules which are distributed 

in three classes distance dependent, degree 

dependent and counting related topological 

indices. A degree depended topological 

indices are calculated with the support of the 

degrees of vertices of chemical graph. 

The topological indices calculated in this 

paper are atom bond connectivity index, 

symmetric division index, first and second K-

Banhatti index, first and second K-hyper 

Banhatti index, modified first and second K-

Banhatti index, and harmonic K-Banhatti 

index. 
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In the paper, all graphs are assumed 

selected simple and connected. We calculated 

M-polynomials of graphs and relying on this, 

we determined topological indices. These 

graphs are useful to understand the moving 

behavior of topological indices concerning 

the structure of a molecule. In this article, we 

computed a closed-form of some degree-

based topological indices of tadpole by using 

an M-polynomial. 

M-polynomial 

An algebraic polynomial can also explain the 

behavior of the molecular structure. M-

polynomial is also graph representative 

mathematical object. With the help of M-

polynomial, we calculated many degree 

dependent topological invariant present in 

Table 3. 

For a graph G, the M-polynomial presented 

in 2015[15] is defined as: 

( , , ) ( ) i j

ij

i j

M G x y m G x y
   

   

Where δ=min{dv|v∈V (G)}, Δ=max{dv|v∈V (G)} 

and mij(G) is the number of edges vu∈E(G) 

such that {dv;du}={i;j}. M-polynomial of many 

graphs are introduced [1,2,14,16,17,29,30] in 

the past. In this work we computed M-

polynomials and topological indices of 

T(n;m). 

Tadpole graph 

The Tadpole graph T(n;m), presented in 

Figures 1, 2, 3 can be measured as a structure 

obtained by fusing six segments of linear 

polyacenes into a closed loop. 

TABLE 1 Edge partition of Tadpole graph 

T(n;m) 

(du ;dv) Number of Edges 

(1,2) 1 
(2,2) (n+m -4) 
(2,3) 3 

Total edges (n+m-4)+4 

 

 

FIGURE 1 Tadpole graph T (3;5) 

 

FIGURE 2Tadpole graph T (4;5) 

 

FIGURE 3 Tadpole graph T (5;5) 

Topological indices 

A topological index is a numeric real number 

related to the topology of the molecular 

graph. There are many classes of molecular 

topological invariants but degree dependent 

topological indices have an important role in 

the field of chemical graph theory. These 

degree dependent indices are computed on 

the basis of degrees of vertices of molecular 

graph. Usually carbon-hydrogen bond is 

surpassed during the study of topological 

indices because this bond does not have any 

effect on the topological properties of the 

molecular compound. These topological 

indices have many applications in QSAR and 

QSPR studies. Table 2 shows some important 

degree-based topological indices. 

The following table tells some well-known 

degree -based topological indices compute 

via M-Polynomial. 
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TABLE 2 Degree-based topological indices 

Atom-bond connectivity index [28] 
( ( , ))

2
[ ( , )]

.

u v

uv E T n m u v

d d
ABC T n m

d d

 
   

Geometric arithmetic index [34] 
( ( , ))

2 .
[ ( , )]

u v

uv E T n m u v

d d
GA T n m

d d




  

First K Banhatti index [31] 1

( ( , ))

[ ( , )] ( )u uv

uv E T n m

B T n m d d


   

Second K Banhatti index [31] 2

( ( , ))

[ ( , )] ( . )u uv

uv E T n m

B T n m d d


   

First K hyper Banhatti index [32] 
2

1

( ( , ))

[ ( , )] ( )u uv

uv E T n m

HB T n m d d


   

Second K hyper Banhatti index [32] 
2

2

( ( , ))

[ ( , )] ( . )u uv

uv E T n m

HB T n m d d


   

Modified first K Banhatti index [33] 1

( ( , ))

1
[ ( , )]m

uv E T n m u uv

B T n m
d d




  

Modified second K Banhatti index [33] 2

( ( , ))

1
[ ( , )]

.

m

uv E T n m u uv

B T n m
d d

   

Harmonic K Banhatti index [33] 
( ( , ))

2
[ ( , )]b

uv E T n m u uv

H T n m
d d




  

 

TABLE 3 Degree dependent topological indices [2] 

Topological index Derivation from M(G;x,y) 

Atom-bond connectivity index 
1 1

2 2
2 1

1
[ ( , )] [ ( , )]

2
x x y xABC T n m D Q JS S f x y   

Geometric arithmetic index 
1 1

2 2
1[ ( , )] 2 [ ( , )]x x y xGA T n m S JD D f x y   

First K Banhat[[ti index 1 2 1[ ( , )] ( 2 )[ ( , )]x y x x yB T n m D D D Q J f x y      

Second K Banhatti index 2 2 1[ ( , )] ( )[ ( , )]x x y xB T n m D Q J D D f x y    

First K hyper Banhatti index 

2 2 2

1 2

2 1

[ ( , )] ( 2

2 ( ))[ ( , )]

x y x

x x y x y

HB T n m D D D Q J

D Q J D D f x y



  

  

 
 

Second K hyper Banhatti index 
2 2 2

2 2 1[ ( , )] ( )[ ( , )]x x y xHB T n m D Q J D D f x y    

Modified first K Banhatti index 1 2 1[ ( , )] ( )[ ( , )]m

x x y xB T n m S Q J L L f x y    

Modified second K Banhatti index 2 2 1[ ( , )] ( )[ ( , )]m

x x y xB T n m S Q J S S f x y    

Harmonic K Banhatti index 2 1[ ( , )] 2 ( )[ ( , )]b x x y xH T n m S Q J L L f x y    
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Where the operator used is defined as 

2 2

0 0

( ( , )) ( ( , ))
( , ) , ( , ) ,

( , ) ( , ), ( , ) ( , ),

( , ) ( , )
( , ) , ( , ) ,

( , ) ( , ), ( , ) ( , ),

x y

x y

yx

x y

f x y f x y
D f x y x D f x y y

x y

L f x y f x y L f x y f x y

f t y f x t
S f x y dt S f x y dt

t t

Jf x y f x x Q f x y x f x y



 
 

 

 

 

 

 

 

1

2

1

2

( ( , ))
( , ) · ( , ),

( ( , ))
( , ) · ( , ),

x

y

f x y
D f x y x f x y

x

f x y
D f x y y f x y

y











 

1

2

0

1

2

0

( , )
( , ) · ( , ),

( , )
( , ) · ( , ).

x

x

y

y

f t y
S f x y dt f x y

t

f x t
S f x y dt f x y

t









 

M-Polynomial of Tadpole graph 

Theorem 6.1. If tadpole graph is symbolized 

by 

T(n ; m) then for n,m≥3, M-polynomial of T(n ; 

m) is 

M[T(n; m);x;y]=xy2+(n+m-4)x2y2+3x2y3. 

Proof: Let T(n;m) be a Tadpole then by using 

Figure and Table the Edge partition of 

Tadpole graph T(n;m) is 

 

1,2

1,2

2,2

2,2

2,3

2,3

( ( , )) { ( , ) : 1, 2}

| ( , ) | 1,

( ( , )) { ( , ) : 2, 2}

| ( , ) | ( 4),

( , ) { ( , ) : 2, 3}

| ( , ) | 3.

u v

u v

u v

E T n m e uv T n m d d

E T n m

E T n m e uv T n m d d

E T n m n m

E T n m e uv T n m d d

E T n m

    

 

    

   

    

 

 

The following result is obtained by applying 

the interpretation of M-polynomial 

1 3

( ( , ); , ) ( ( , )) ,

( ( , ); , ) ( ( , ) ,)

i j

ij

i j

i j

ij

i j

M T n m x y m T n m x y

M T n m x y m T n m x y

   

  








 

2

12

1 2

2 2 2 3

22 23

2 2 2 3

( ( , ); , ) ( ( , ))

( ( , )) ( ( , ) ,

M T n m x y m T n m xy

m T n m x y m T n m x y



 



 



 
 

2 2 2 2 3

1,2 2,2 2,3

2 2 2 2 3

( ( , ); , ) | | | | | |

( ( , ); ,

,

) ( 4) 3

M T n m x y E xy E x y E x y

M T n m x y xy n m x y x y

  

    

 

The structure of M-polynomial of T(n,m) is 

shown in Figure 4. 

 

FIGURE 4 3D sketch of the M-polynomial of 
the Tadpole graph T(n;m) for n=m=4 

Topological Indices of Tadpole Graph 

Theorem 7.1. Let T(n;m) be a Tadpole 

M[T(n;m);x;y]=xy2+(n+m-4)x2y2+3x2y3 

Then: 

1

2

1

2

1

2

1
[1.] [ ( , )] ( )

2

18 6 10 2
[2.] [ ( , )] ( ) 4

15

[3.] [ ( , )] 8( ) 6

[4.] [ ( , )] 8( ) 16

[5.] [ ( , )] 32( ) 68

[6.] [ ( , )] 32( ) 228

1 1
[7.] [ ( , )] ( )

2 15

[8.] [ (

m

m

ABC T n m n m

GA T n m n m

B T n m n m

B T n m n m

HB T n m n m

HB T n m n m

B T n m n m

B T

 

 
     

 

  

  

  

  

  

1 1
, )] ( )

2 3

2
[9.] [ ( , )] ( )

15
b

n m n m

H T n m n m

  

  

 

Proof: Let  

M[T(n;m);x;y]=f(x;y)=xy2+(n+m-4)x2y2+3x2y3 

1. The atom-bond connectivity index 
2 2 2 2 3

1

2 2 2 2 32

1 1

2 2 2 2 32 2

( , ) ( 4) 3

1 1 3
( , ) ( 4)

2 2 3

1 1 3
( , ) ( 4)

22 6

y

x y

f x y xy n m x y x y

S f x y xy n m x y x y

S S f x y xy n m x y x y
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1 1

3 4 52 2

1 1

2 32 2
2

1 1 1

2 32 2 2
2

1 1 1

2 2 2
2 1

1 1 3
( , ) ( 4)

22 6

1 1 3
( , ) ( 4)

22 6

1 1 3
( , ) ( 4)

2 2 2

1
[ ( , )] [ ( , )] ( )

2

x y

x y

x x y

x x y x

JS S f x y x n m x x

Q JS S f x y x n m x x

D Q JS S f x y x n m x x

ABC T n m D Q JS S f x y n m





 

    

    

    

  

 

2. The geometric arithmetic index  
2 2 2 2 3

1

2 2 2 2 32

1 1

2 2 2 2 32 2

1 1

3 4 52 2

( , ) ( 4) 3

( , ) 2 2( 4) 3 3

( , ) 2 2( 4) 3 6

( , ) 2 2( 4) 3 6

y

x y

x y

f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

JD D f x y x n m x x

    

    

    

    

1 1

3 4 52 2

1 1

3 4 52 2

1 1

2 2
1

2 1 3 6
( , ) ( 4)

3 2 5

2 2 6 6
2 ( , ) ( 4)

3 5

18 6 10 2
[ ( , )] 2 [ ( , )] ( ) ( 4)

15

x x y

x x y

x x y x

S JD D f x y x n m x x

S JD D f x y x n m x x

GA T n m S JD D f x y n m

    

    


    

 

3. The first K Banhatti index 
2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

1

3 4 5

2

( , ) ( 4) 3

( , ) 2( 4) 6

( , ) 2 2( 4) 9

( ) ( , ) 3 4( 4) 15

( ) ( , ) 4( 4) 18 ( , )

( 4) 3

( , ) (

x

y

x y

x y x y

f x y xy n m x y x y

D f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

D D f x y n m Jf x y

x n m x x

Q Jf x y x n m

 



    

    

    

     

    

    

   2 3

2 3

2

2 3

2

2 1

1 2 1

4) 3

( , ) 2( 4) 9

2 ( , ) 2 4( 4) 18

2 ( , ) 4( 4) 20

[ ( , )] ( 2 )[ ( , )] 8( ) 6

x

x

x x

x y x x y

x x

D Q Jf x y x n m x x

D Q Jf x y x n m x x

D Q Jf x y n m

B T n m D D D Q J f x y n m





 

  

 

    

    

   

     

 

4. The second K Banhatti index 
2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

3 4 5

2 3

2

( , ) ( 4) 3

( , ) 2( 4) 6

( , ) 2 2( 4) 9

( ) ( , ) 3 4( 4) 15

( ) ( , ) 3 4( 4) 15

( ) ( , ) 3 4( 4) 15

x

y

x y

x y

x y

f x y xy n m x y x y

D f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

J D D f x y x n m x x

Q J D D f x y x n m x x

D



    

    

    

     

     

     

2 3

2

2 2 1

( ) ( , ) 3 8( 4) 45

[ ( , )] ( )[ ( , )] 8( ) 16

x x y

x x y x

Q J D D f x y x n m x x

B T n m D Q J D D f x y n m



 

     

    

 

5. The first K hyper Banhatti index 

2 2 2 2 3

2 2 2 2 2 3

2 2 2 2 2 3

2 2 2 2 2 2 3

2 2

1

3 4 5

2

( , ) ( 4) 3

( , ) 4( 4) 12

( , ) 4 4( 4) 27

( ) ( , ) 5 8( 4) 39

( ) ( , ) 8( 4) 44

( , ) ( 4) 3

( ,

x

y

x y

x y x y

f x y xy n m x y x y

D f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

D D f x y n m

Jf x y x n m x x

Q Jf x y

 



    

    

    

     

    

    

2 3) ( 4) 3x n m x x    

 

2 2 3

2

2 2 3

2

2

2 1

2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

( , ) 4( 4) 27

2 ( , ) 2 8( 4) 54

2 [ ( , )] 8( 4) 56

( , ) 2( 4) 6

( , ) 2 2( 4) 9

( ) ( , ) 3 4( 4) 15

(

x

x

x x

x

y

x y

x

D Q Jf x y x n m x x

D Q Jf x y x n m x x

D Q J f x y n m

D f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

J D





 

    

    

   

    

    

     

3 4 5

2 3

2

2 3

2

2 3

2

2 1

) ( , ) 3 4( 4) 15

( ) ( , ) 3 4( 4) 15

( ) ( , ) 3 8( 4) 45

2 ( ) ( , ) 6 16( 4) 90

2 ( )[ ( , )] 16( 4) 96

y

x y

x x y

x x y

x x y x

D f x y x n m x x

Q J D D f x y x n m x x

D Q J D D f x y x n m x x

D Q J D D f x y x n m x x

D Q J D D f x y n m







 

     

     

     

     

    

 

2 2 2

1 2

2 1

[ ( , )] ( 2

2 ( ))[ ( , )] 32( ) 68

x y x

x x y x y

HB T n m D D D Q J

D Q J D D f x y n m



  

  

    

 

6. The second K hyper Banhatti index 
2 2 2 2 3

2 2 2 2 2 3

2 2 2 2 2 3

2 2 2 2 2 2 3

2 2 3 4 5

2 2

2

( , ) ( 4) 3

( , ) 4( 4) 12

( , ) 4 4( 4) 27

( ) ( , ) 5 8( 4) 39

( ) ( , ) 5 8( 4) 39

( ) ( , ) 5 8(

x

y

x y

x y

x y

f x y xy n m x y x y

D f x y xy n m x y x y

D f x y xy n m x y x y

D D f x y xy n m x y x y

J D D f x y x n m x x

Q J D D f x y x n m

    

    

    

     

     

     2 3

2 2 2 2 3

2

2 2 2

2 2 1

4) 39

( ) ( , ) 5 32( 4) 351

[ ( , )] ( )[ ( , )] 32( ) 228

x x y

x x y x

x x

D Q J D D f x y x n m x x

HB T n m D Q J D D f x y n m



 



     

    

 

7. Modified first K Banhatti index 
2 2 2 2 3

2 2 4 2 4 3

4 2 4 2 6

2 2 4 2 4 3

4 2 4 2 6

( , ) ( 4) 3

( , ) ( 4) 3

( , ) ( 4) 3

( ) ( , ) ( 4) 3

( 4) 3

x

y

x y

f x y xy n m x y x y

L f x y x y n m x y x y

L f x y xy n m x y x y

L L f x y x y n m x y x y

xy n m x y x y

    

    

    

     

    

 

4 5 6 7 8

2 3 4 5 6

2

2 3 4 5 6

2

1 2 1

( ) ( , ) 2( 4) 3 3

( ) ( , ) 2( 4) 3 3

1 1 1 3 1
( ) ( , ) ( 4)

2 3 2 5 2

1 1
[ ( , )] ( )[ ( , )] ( )

2 15

x y

x y

m

x x y

x x y x

J L L f x y x x n m x x x

Q J L L f x y x x n m x x x

S Q J L L f x y x x n m x x x

B T n m S Q J L L f x y n m
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8. Modified second K Banhatti index 

 

3 4 5

2 3

2

2 3

2

2 2 1

3 5
( ) ( , ) ( 4)

2 2

3 5
( ) ( , ) ( 4)

2 2

3 1 5
( ) ( , ) ( 4)

2 2 6

1 1
[ ( , )] ( )[ ( , )] ( )

2 3

x y

x y

m

x x y

x x y x

J S S f x y x n m x x

Q J S S f x y x n m x x

S Q J S S f x y x n m x x

B T n m S Q J S S f x y n m





 

     

     

     

    
 

9. Harmonic K Banhatti index 

2 2 2 2 3

2 2 4 2 4 3

4 2 4 2 6

2 2 4 2 4 3

4 2 4 2 6

( , ) ( 4) 3

( , ) ( 4) 3

( , ) ( 4) 3

( ) ( , ) ( ( 4) 3 )

( ( 4) 3 )

x

y

x y

f x y xy n m x y x y

L f x y x y n m x y x y

L f x y xy n m x y x y

L L f x y x y n m x y x y

xy n m x y x y

    

    

    

     

    

 

4 5 6 7 8

2 3 4 5 6

2

2 3 4 5 6

2

2 3 4 5 6

2

( ) ( , ) 2( 4) 3 3

( ) ( , ) 2( 4) 3 3

1 1 1 3 1
( ) ( , ) ( 4)

2 3 2 5 2

2 6
2 ( ) ( , ) ( 4)

3 5

x y

x y

x x y

x x y

J L L f x y x x n m x x x

Q J L L f x y x x n m x x x

S Q J L L f x y x x n m x x x

S Q J L L f x y x x n m x x x







       

       

       

       

 

2 1

2
[ ( , )] 2 ( )[ ( , )] ( )

15
b x x y xH T n m S Q J L L f x y n m      ■ 

Figure 5 illustrates topological indices of 

T(n;m). From graphs, we see the performance 

of the topological indices along parameter. 

 

 

 

FIGURE 5 The plot of topological indices 1 T(n;m) 

 

 

 

 

2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

2 2 2 2 3

( , ) ( 4) 3

1 3
( , ) ( 4)

2 2

1 1
( , ) ( 4)

2 2

3 5
( ) ( , ) ( 4)

2 2

x

y

x y

f x y xy n m x y x y

S f x y xy n m x y x y

S f x y xy n m x y x y

S S f x y xy n m x y x y
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Conclusion 

We worked out closed form of M-polynomial 

for tadpole graph resulting various degree-

based topological indices as well. Topological 

indices help to reduce the number of 

experiments. These topological indices can 

contribut to understand biological, chemical 

and physical characteristics of a molecule. So, 

topological index has a key role in 

representing the chemical structure of a 

molecule in a real number and is used to 

express the molecule which is tested. These 

results are helpful in understanding and 

forecasting the physiochemical properties for 

these chemical structures.  
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