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Study of middle graph for certain classes of graph
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Topological indices are extremely useful for analyzing various
physical and chemical properties associated with a chemical
compound. A topological index describes molecular structures by
converting them into certain real numbers. Topological indices
are used in the development of quantitative structure-activity
relationships (QSARs) in which the biological activity of molecule
correlated with their chemical structure. The chemical shape of
benzene molecule is very common in nano-science, chemistry,
and physics. The circumcoronene collection of benzenoid (Hy)
generates from the benzene molecules. Jahangir graph (Jy, 1)) is a
generalized wheel graph that consists of (m, t) circular vertices
and a center vertex connected to every mt vertex on the circle. In
this article, we will compute the topological indices of the middle
graph of the circumcoronene series of benzenoids (Hy) and
Jahangir graph (J(ymp)- In addition, comparison of the middle
graph of the circumcoronene series of benzenoid (Hs) and
Jahangir graph (J3 )) are presented numerically and graphically.
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Introduction molecule that characterize its topology [2].
The first topological index to be applied in

Consider a molecular graph ¢ = (V, E), sucha  chemistry is the Wiener index. To be more

graph with vertex set V(G) indicates the
atoms and edge set E(G) indicates chemical
bonds. A degree is represented bydg
{6 € V(G)} which is defined as the number of
edges incident with 6. (For unspecified
terminologies and more details [1]).

Graph theory is branch of mathematics
that has been applied in virtually every field
of study. The usage of topological indices in
QSPR/QSAR studies has taken important
concentration in recent years. Graph theory is
used to assess the linkage among several
topological indices of certain graphs that
generated by some graph operations that are
middle graph, total graph, semi-total graph,
and the strong double graph etc. Topological
indices are numerical parameters of a graph
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precisely, Harold Wiener introduced this
intriguing index in 1947 to assess the
physical characteristics of the type of alkane
known as paraffin [3].

The symmetric division degree index
(SD) of connected graph (G) [4] is defined as
follows:

2, 42
spE)= Y %t )

OweE (G) dgdw

Where, dy and d,, are the degrees of vertex 6
and w in G.

The sum-Connectivity index [5] is defined
as follows:

1
SC(G)= —_—— 2
( ) 9“);(:6) \}dg +dw ( )
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Randic connectivity index is widely used in
mathematical chemistry, due to its wide
applications in both mathematics and
chemistry. It is defined [6] in the following
equation:

RCG)= Y ——

OweE (G) dgdw

(3)

The First-Zagreb index [7] is defined as:  (4)

M,(G)= > (d,+d,)

OweE(G)
The second-Zagreb index [7] is defined as:

M,(G)= > (d,d,). (5)

OweE (G)

Zhong introduced the harmonic index in
2012 which is defined [8] as follows:
2

H(G) = - (6)
ng(:G) (dB + dw)
For more wide-ranging and

comprehensive details, we offer the readers
to follow the following articles [9-13, 17-40].
Definition 1.1. A graph that contains a cycle
Cnt having an extra vertex which is adjacent
to t vertices of C,,; at the distance m to each
other on the Cy,;. In Jahngir graph [14] ( J;,.¢),
wheret >2 and m =>3. The number of
vertices and edges is mt+1 and mt+m
respectively. Jahangir graphs J(3,), J(3,3), and
J3,¢) are displayed in Figure 1.

FIGURE 1 Jahangir graph
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Definition 1.2. Circumcoronene series of
benzenoid (Hg) where, (s > 1) is one family
that is generated from benzene Cg; on
circumference [15]. The number of vertices
are 652 and edges are 9s? — 3s, in this series
of benzenoid. The Circumcoronene series of
benzenoids are designated in Figure 2.

O

Ha

Fiy
FIGURE 2 Circumcoronene series of
benzenoid

Definition 1.3. The middle graph [16] of any
graph G is attained by adding a new vertex to
each of its edge and connecting by edges any
pairs of those new vertices which lie on the
adjacent edges of the graph. The middle
graph of graph G is represented by M(G). For
example, the middle graph of the Jahangir
graph (J33)) is depicted in Figure 3.

FIGURE 3 Jahangir Graph (Ji33)) and its
middle graph [M(J(33)]
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Result for the Middle Graph of Jahangir
graph (J3))

In this section, we calculate degree-based
indices of the middle graph of Jahangir graph
(](3,t), where t > 3.

Theorem 2.1. Let [M(Ji3,)] be the
middle graph of Jahangir graph. Then,

l.SD[M(J(m)J:w.
2.30[ (30 J J’H 26— j§+4
6 3 3 J§

6
MV ANCRN R

(43 +12)5 + 30t - 40)42
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4H[M (J(&t))}:%+ﬁ.

5.M,| M (3,) | = 60t-+186.
6.M| M (3;,,)) | = 96t+501.

Proof: The middle graph of Jahangir graph
M(](3,t)) has 4 vertices of degree3 and 6
vertices of degree 5, 3(t— 2)vertices of
degree 4, 3t — 3 vertices of degree2 and 3
vertices of degree 6.

In M(](S,t))r we get edges of type E(y4),
E25) E3s) EgepEasy EasyEssy Ese) and
E(6,6)- The number of edges of these types are

given in Table 1.

3.RC[M (3 } -
(8v3+12)B +15t-23
+ 20 .
TABLE 1 Edge division
E[d,, d,] E24y E@s) Eas) Ege) Ewsy Eusy Ess) Ese Eee
Number of edges 6t — 12 6 6 6 3t—9 6 3 6 3
By using Table 1 and the Equation (1), we d3 + d?,
. . +Ess) Z
get the desired results, i.e., dgd,,
0weE(M(Jap))
dZ +d2 dg + d?,
SD[M(Js)] = z dod, +Ese) Z dgd,,
90)55(1‘4(](3,0)) GwEE(M(]B’t)))
dg + da, d2 +d?
SD[MUs.0)] = Eea z dod,, +Es6) Z dod.
0weE(M(Jz,p)) GwEE(M(]B’t)))
dg +d: (2)* + (4)*
t Eqgs) z 4, dww SD[M(Jian)] = (6t —12) —
Q(A)EE(M(](glt))) ( )2 + (5)2
d3 +d? O
*Eon ) g (3)% + (5)?
0
0weE(M(Ja,p)) © + (6) —
d3 + d? (3)2 + (6)?
e ) o TOTg
QwEE(M(](?,'t))) (4)2 + (4)2
d§ + d? +@t—-9)———
0 ® 16
+ Eua Z
' dod, (4)? + (5)
GwEE(M(](3_t))) + (6) T
d + di () + (5
PRan ) g T
eweE(M(]@_t))) (5)% + (6)?
+ (6) 30
6)? + (6)2
N (3)( )"+ (6)

36
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216
SD[M(Jz,n)] = (3t — 6)5 + — + (3t -9)2

123
+27 +

10
SD[M(Jzpy)] = 21t + 29.5.

1

SC® = NPT
9 w

BWEE(G)
SCIM(Jz.0)]

1
_E ZZ 1
@ Jdo +4d,

GwEE(M(](&t)))

1
+E E -
(25) dy +d,

BwEE(M(](glt)))

1
+E ZS -
@ Jdo +d,,

BwEE(M(](glt)))

1
+ F E _
(3,6) ) dy +d,

0weE(M(Je)
1

)\/m

0weE(M(Je)

1
+E P
o) )w/dg +d,

0weE(M(Je)

1
),/dg +d,

QwEE(M(](3_t))
1

Jdg +d,,

1
+E(6,6)

Jdg +d
0weE(M(Ja)) 0 @

1 1
SCM(Jzp)] = (6t —12) N (6) 7
1 1
+(6) 7 +(6) NG
1 1
+ (3t - 9)ﬁ+ (6)ﬁ
1

V11

+ E(5,6)
BwEE(M(](3_t)))

1
+ (3)5 + (6)

1
+ (3) E

M.S. Sardar et al.

3t 9
SC[M(Jzp)] = Vot + N 26 — N
6 3 3 6

REM(ao)l = Eawy .

+E Z !
(25) dod

0weE(M(Je )

+E Z !
(35) dyd

0weE(M(Je )

+E Z !
(26) dyd

0weE(M(Je )

+E Z !
44 dyd

0weE(M(Je )

+E Z !
(45) dyd

0weE(M(Je )

+E Z !
(55) dyd

0weE(M(Jee))

+E Z !
(56) dyd

0weE(M(Jee))

+E Z !
(66) dyd

0weE(M(Je))

RC[M(Jip)] = (6t — 12)i + (6)L
Jao)l = 75 710
1

NN

1 1
+BE= D=+ (O) 7

1 1
FOE 0%
1
+ (S)E.

+(6)
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3 ) 3 6 M;(G) =

RC[M(J0)] = <%+T b+ =~ 2\/§+\/;

2
+2 3+3 2 23
5 5 20

2

H(G) = e e
0WwEE(G) (do + do)

H[M(J0)]

Z (dg -|2— de)

eweE(M(](m))

Z (dg -|2- de)

0weE(M(Jee))

Z (dg -|2- de)

0weE(M(Jee))

Z (dg -|2- de)

0weE(M(Jee))

Z (dg -|2- dy)

QwEE(M(](g_t)))

Z (dg -|2- de)

0weE(M(Je))

Z (dg -|2- de)

0weE(M(Jee))

Z (dg -|2- de)

0weE(M(Jee))

Z (dg -|2- dy)

0weE(M(Jee))

2 2 2
H[M(Jap)] = (6t —12) st (6) -+ (6) 3

=E@a
+Egs)
+Eg)
+Egs

+E(40)
+ Egas)
+ Egss)
+ Egs)

2 2 2
+O5+B =N+ (6)

2 2 2
+ (3)1_0+(6)H+ (3)5.
3 4

12
H[M(](3,t))] =(2t—4) +7+§+§
12

T TR .
( R TR
11t 8417

HM(en)] =7+ 1550
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MMUGo)] =Ean Y.

(dg +d,).
OwEE(G)

0weE(M(Je))

+ Es) z (dg

eweE(M(](m))
+d,)

+ E@35) z (dg

eweE(M(](m))
+d,)

+ Ez6) Z (dg

0weE(M(Je )
+d,)

+ E44) Z (dg

0weE(M(Je )
+d,)

+ E4s) Z (dg

0weE(M(Je )
+d,)

+ Es5) Z (dg

0weE(M(Je))
+d,)

+ Es,6) Z (dg

0weE(M(Jee))
+d,)

+ E66) Z (dg

0weE(M(Je))
+d,).

Mi[M(Jzr)] = (6t —12)6 + (6)7 + (6)8

+(6)9+ (3t—9)8 + (6)9
+ (3)10 + (6)11 + (3)12.

M;[M(J3p)] = 36t — 72 + 42 + 48 + 54
+ 24t — 72 4+ 54 + 30 + 66

+ 36.

M;[M(Jzr)] = 60t + 186.
M,(G) =

(dody,)
Ow€eEE(G)
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My[M(Jz))] = Ez) Z

0weE(M(J )

+ E(ys) z (dgdy)

0weE(M(Ja))

+'Ek35) :E:

BwEE<M(](3't)))
+-E(&6) :E:
BwEE<M(](3't)))

+ Eua (dgdw)
0weE(M(Ja))

+'E(%5) :E:

0weE(M(Je))

+Ess) (dgds)
QwEE(M(](g_t)))

+'Ek56) :E:

QwEE(M(](&t)))
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(dG da))

(dG da))

(dgdw)

(d9 dw)
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tEee) Y. (dody).
0weE(M(Jae))

My[M(Jzp)] = (6t —12)8 4 (6)10 + (6)15
+(6)18 + (3t —9)16 + (6)20
+(3)25 + (6)30 + (3)36.

My[M(Jz)] = 48t — 96 + 60 + 90 + 108
+48n — 144 + 120 + 75
+ 180 + 108.

My[M(J3,0))] = 96t + 501.
Comparison

In this section, we give comparison of the
above-computed topological indices
and the graphically. The
numerical comparison of the middle graph of
Jahangir graph /(5 ;) is demonstrated in Table

numerically

2, where t = 2,3,...,10 and graphically
comparison is depicted in the Figure 4.

TABLE 2 Numerical result of middle graph of Jahangir graph J 3 v,

SD[M(Jap)] SCM(Jzn)] RCM(Jip)] HMUzo)] Mi[MUzn)] M2[MJGo)]

1400+

1200 4

1000 o

S00

600

400

t

2 76.5 10.0476 7.6478
3 97.5 13.5578 10.5191
4 118.5 17.0679 13.3905
5 139.5 20.5781 16.2618
6 160.5 24.0882 19.1331
7 181.5 27.5984 22.0044
8 202.5 31.1085 24.8757
9 223.5 34.6187 27.7471
10 2445 38.1288 30.6184

200—/'

7.3218 306 693
10.0718 366 789
12.8218 426 885
15.5718 486 981
18.3218 546 1077
21.0718 606 1173
23.8218 666 1269
26.5718 726 1365
29.3218 786 1461

SDMU| 5 )]

SCMS 5 1)
ROV 5 1]
HM 5 ;)]

MGV 5 )3
ML 3 )

3

1
"
=
LA

FIGURE 4 Graphical representation of middle graph of Jahangir graph J 3
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Result for the Middle Graph of
Circumcoronene Series of Benzenoid
Graph (Hy)

In this section, we calculate the degree-based
indices of the middle graph of (Hy),
where s > 2.

FIGURE 5 series of

Circumcoronene
benzenoid (H,) and its middle graph M (H,)

Theorem 4.1. Let [M(H,)] be the middle
graph of circumcoronene series of benzenoid.
Then,

273

SD[M(Hy)] = =
+( D (174 + 136 + 122)

s 5 ' 5 ' 5
5
+ (1852 —30s + 12)5 — 48s
+ 36s2.

SCIM(HY)] = 2 + ( 1)(12 ML )
= — S — — PR —_—
Ve V7 V2 V11
6(2s — 3)

+ 65> —10s+8+
V10

9(s?2—2s+1)
75 :
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RCIM(H)] = =

V2
- 1)(12+12+12)
S—
V10 V15 30
1 6
+ (652 —10s +4)—=+—
( )\/7 Ne
6
+(25—3)§+ 3s2 — 65+ 3.
—— )]_1913 L2
sH = 1155 T 1155 7 5

M,[M(H)] = 378s% — 270s + 12.
M,[M(H)] = 972s% — 8765 + 90.

Proof: The middle graph of circumcoronene
series of benzenoid M(H;) where, s > 2 has
6s vertices of degree 2, 6s(s — 1) vertices of
degree 3, 6 vertices of degree 4, 6s vertices of
degree 5 and 952 — 9s — 6 vertices of degree
6.

In M(Hy), we get
type E2a), E25) Es 5 Eze)y Easy Es,s5)
Es6), and E(g¢). Table 3 lists the number of

edge of

edges.
Now by using Table 3 and the Equation (1),
we obtain the desired results, i.e.,

TABLE 3 Edge division

E[d, d,] Number of edges
E4 12
E(Z,S) 12(5 — 1)
E(3’5) 12(5 — 1)
EG3.6) 1852 — 30s + 12
Es) 12
E(5’5) 6(25 - 3)
E(5,6) 12(5 — 1)
E(6,6) 18(52 — 25+ 1)

2 2
SpMao)= . BT
bweE@G) 27 @
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SD[M(H)] = E z di + di SC[M(H,)] = E Z L
s)1 = Ez,4) d-d s)1 = E2,4) 7 1d
bweE(MHy)) bweE(M(H)) V0 T T
dg +dZ, +E Z _
+E Z 07 % @5) —
(2,5) dg +d
0weE(M(Hy)) dgde OweE(M(H;)) 91 w
d§ +dg, +E —
+E Z 67 % 35 —
(5) ded,, 0weE(M(Hs)) de +do,
fweE(M(Hy)) 1
dg +dé + Eze) z NPT
tEce Z ) ded,, 0weE(M(Hs)) do +do
OweE(M(Hy) 1
d3 + d? + Ea,5) z ——
+ Eas) z dad 0weE(M(H)) V do +d
OweE(M(Hy)) 0% 1
d3 + d? +Ess) Z —
+ Es5) Z dod = 0weE(M(Hs)) do + dg,
OweE (M (Hy)) 0% +E 1
d2 + d2 (5,6) ——
+ Es6) Z —fi 7 @ ewEE(M(HS))\/de +d,
OweE(M(Hy)) 0% Ege Z 1
2 2 y [ )
+ Ee6) Z dii -I;idw- OweE(M(Hs)) do +do
' 0%w 1 1
BweE(M(Hs)) SCIM(HY] = (12)—= + 12(s — 1) — + 12(s
(2)* + (®)? L V7
SD[M(H,)] = (12)— + 12(s H 1 + (1857 — 30
-1H)— s?—30s
N )2 + (5)? 1205 \/§1 N
10 +12)—=+—=+6(2s
(37 + (5 TCRVCR
—1)————+ (18s? 1 1
15
—3)—+12(s—1)—
(3) + (6 T
—30s + 12)T N 18( 2ot 1) 1
s?—2s —
(4)? + (5)° \/_
+ (12) >0 12
SCIM(H,)] = —= + (s — 1) ( — —)
5)% + (5)? s
+6(25—3)( ) 25( ) +12(s \/8 \/_( \/_3
(5)2 + (6)2 , + 652 —10s + 8 + ——= m
— 1)~ 4 18(s ,
30 , , N 9(s*—2s+1)
6)“ + (6 .
—25+1)—()36(). V3 .
183s 9 RC(G) = z
- 2 _ _Z
SD[M(Hy)] = 81s =— % 0oV doda
1
SC(G) = -
dg+d,

OwEE(G)
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RC[M(H;)]

1
=E Z
(2,4) o
6weE(M(Hy)) dody
1

0weE(M(Hy)) V dody

1
+E Z
(32) dad

eweE(M(jm)))

RC[M(HY)] = % +12(s — 1)\/%_0 +12(s

1
—1)——+ (18s% —30s
)Ts (

1 12
+12)—+ —+6(2s
)\/18 V20 (

1 1
—3)—+12(s —1)—
)\/25 ( )V3O

1
+ 18(s? =25+ 1)—.
( )\/%

6
RC[M(Hy)] = ﬁ
12 12 12

Eurasian .
RIS one - O
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+|Es)|

+(s—1)<

1 6
+ (6s* —10s+4)—+—

7
6
+(25—3)§+ 352 — 65+ 3.
HG) = 2
B (dG + dw).

OweE(G)

V10 V15 V30

Page |58

H[M(H;)]
2

=E@.4 i

dg +d
BwEE(M(HS))( o+ do)

2

dg +d
BwEE(M(HS))( 0t do)

Z (dg 42- dy)

6weE(M(Hs))

2
+E E e
@9 (do +d)

6weE(M(Hs))

2
R S e
Thes) (dg + dy)

Ow€eE(M(Hy))

2
+E E —
G (dg +do)

2

+ E(s 6) = . 7 ~
' dg +d
6weE(M(Hs)) (dg w)
2

+ E(6 6) = . 7 ~
’ Z dg +d
BwEE(M(Hs))( ot do)

OweE(M(Hs))

24 2 2
HIMH)] =~ +12(s - Dz +12(s - D

2
+ (1852—305+12)5
+(12)2+62 3 2

g T6(Zs=3)3
2
+12(s — 1)H+ 18(s? — 2s
+1 2
)12'
24 )

H[M(H,)] = (5—1)7+3(s—1)+ (6s

2 6
—105+4)§+(25—3)§+(s

1 24+3 2_2s+1

L 20
=
1913 142
MCH)] = 3555 155 + 7™
M, (G) = (dg +d,).

OwEE(G)
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MMED] =Egay Y. @o+dy)  MIME =Egs ) (dedy)
Ow€eE(M(Hy)) OweE(M(Hy))
+Eas) ) (dg+dy) YEos ) (dpdy)
fweE(M(Hy)) 6weE(M(Hs))
+Eas) ) (dg+dy) tEas) ) (dpdy)
OweE(M(Hy)) OweE(M(Hs))
tBagy ) (dg+dy) YEagy ) (dpdy)
fweE(M(Hy)) 6weE(M(Hs))
tEas) ) (dg+dy) tEus) ) (dpdy)
OweE(M(Hy)) O6weE(M(Hs))
tEss) ) (dg+dy) tEss) ) (dpdy)
OweE (M (Hy)) 6weE(M(Hs))
+ Es6) Z (dg +d,) + E(s6) Z (dedy)
OweE(M(Hy)) OweE(M(Hs))
tEe ) (dg+dy) YEo ) (dpdy).
OweE (M (Hy)) 6weE(M(Hs))
M;[M(Hg)] =72 +12(s — 1)7 + 12(s — 1)8 M,[M(Hy)] = (12)8 + 12(s — 1)10 + 12(s
+ (18s2 —30s +12)9 + 108 —1)15+ (18s2 —30s
+6(25 —3)10 + 12(s — 1)11 +12)18 + (12)20 + 6(2s
+18(s? — 25 + 1)12 —3)25+12(s — 1)30
M;[M(Hy)] = 432s + 27(6s% — 10s + 4) + 18(s% — 25 + 1)36.
+216(s? —2s + 1) — 312. M,[M(H,)] = 960s + 54(6s% — 10s + 4)
M;[M(H,)] = 378s% — 270s + 12. + 648(s%? —2s + 1) — 774.
— 2
OweE(G)
S0000 o
T 0000 -
& 00 0D
5D [V
30000 - sC [(H:}]
40000 4 RO ]
——— H[{&E]
30000 - — A [
—— ML[H)]
20000 -
100 0oy
I= ——
2 3 4 3 E 7 8 o 10
FIGURE 6 Graphical representation of middle graph of (Hy)
Comparison numerical comparison of M(Hg) where, s =

2,3,...,10, as presented in Table 4, and the
In this section, we provide the comparison of  graphical comparison is displayed in the
the above-computed topological indices  Figyre 6.
numerically and the graphically. The
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TABLE 4 Numerical results of middle graph of (Hy)

) SAMI

Page |60

SD[M(H,)] SC[M(Hy)] RC[M(Hs)] H[M(Hs)] M{[M(Hy)] M[M(H,)]

S

2 129.6 32.192 24.475
3 324.6 71.383 57.510
4 627.6 124.57 105.03
5 1038.6 191.76 167.03
6 1557.6 272.96 243.52
7 2184.6 368.15 334.50
8 2919.6 477.35 439.96
9 3762.6 600.52 559.91
10 4713.6 737.72 694.34

Conclusion

Topological indices help to understand the
information  about biological activity,
chemical reactivity, and physical
characteristics of chemical compounds. We
derived the general formulas of some of the
topological indices based on the degree of
vertex i.e. sum connectivity index (SC),
Randic connectivity index (RC), Symmetric
division degree index (SD), Harmonic index
(H), the first Zagreb index (M;),and the
second Zagreb index (M,) of the middle
graph of Jahangir graph J (5 ) These outcomes
can be employed to further understand the
topological characteristics of graphs. The
comparison of attained analytical expressions
is expressed graphically and numerically.
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